It is known to all that derailment is the vital problem in railway transportation. As the increase of vehicle speed, the possibility of derailment due to the lateral impact between the wheel flange and the rail increases. An impact model for the impact between the wheel and rail together with an accurate kinematic analysis is presented in order to shed some light on the wheel lift derailment of high-speed vehicles.
Introduction
Due to its importance and complexity, many researchers and rail engineers have paid great attentions to derailment studies and preventions in order to minimize the derailment probability since the presentation of Nadal's pioneering work. Among these studies, derailment resulting from wheel rail lateral impact is seldom mentioned except for the work of Matsudaira and Yokose [1, 2] , and Zeng [3] and Shen [4] .
Wheel lift derailment usually takes place when the vehicle is hunting or passing through a switch. Under these conditions, the wheel flange impacts the rail severely, and when the lateral impact velocity exceeds the critical value, the large impulse will lift the wheel off the rail.
Since the geometrical constraint between the wheel and rail is unilateral and discontinuous, the spatial contact detection is necessary to determine the contact position and further to determine the kinematics when the flange collides with the rail.
Kinematics

Coordinate Frames
The wheel/rail coordinate systems are shown in Fig. 1 . The inertial coordinate frame (o I x I y I z I ) is fixed to the track, with o I x I being parallel to the track direction, and o I z I axis being perpendicular to the rail plane and upwards. The axis o I y I is determined by virtue of the right-hand rule. The origin of wheelset body frame (Bxyz) is located at the wheelset centroid. The spin axis By coincides with the axis of the revolution of the body, rolling axis Bx is perpendicular to the spin axis By and is the forward axis of the wheelset. The yaw axis Bz points upwards by the right-hand rule. The wheelset body frame moves with the wheelset with the exception of the rotation of the wheelset about its axis of revolution. (Ct 1 t 2 n) is introduced as the contact reference frame, with the contact point C as its origin and Cn-axis being the normal axis points to the wheel; the tangential axis Ct 1 is parallel to the track direction; the other tangential axis Ct 2 is perpendicular to the plane Ct 1 n. 
Since the rotation matrix T IB is orthogonal, the rotation matrix T BI from the wheelset body frame to the inertial frame is
The transformation matrix from the inertial frame to the contact reference frame is 1 0 0 0 cos sin 0 sin cos
where α is the contact angle relative to the horizontal plane with positive value for the left side and negative for the right side.
Discontinuity of Contact Points
The contact geometry between the wheel and rail is essential to determine the kinematic constraints and the dynamical behavior of the wheelset. Therefore, an accurate 3-D geometrical contact algorithm based the constraint method is needed to determine the contact positions. The contact parameters including the contact point coordinate r c (x c ,y c ,z c ) and the roll angle φ as functions of the lateral displacement y w and yaw angle ψ are calculated in advance and are stored in a table. For a particular example, Fig. 2 shows the contact position distribution on the left wheel profile with varying yaw angles.
It is evident that there are three impossible contact areas in Fig. 2 . Special attention is paid to the jump of wheel contact point from C LT on the flange root to C LF on the flange face. As seen in Fig. 2 , the influence of yaw angle on contact point jumping is distinct. The larger the absolute value of yaw angle, the larger the difference of rolling radius of the contact points C LF and of C LT . The normal impact velocity is related to the jump of contact points which will be shown in the following. 
Kinematic Constraints
Assuming that the left wheel is the flanging one, and the jump of contact point C R on the right wheel is neglected. There are two kinds of contact conditions, the first is that the left wheel contacts with the rail at the point C LT firstly, and then at the point C LF where the wheelset has a small lateral shift, and the second is that the left wheel contacts with the rail at two points C LT and C LF simultaneously which is the so-called two-point contact scenery. Further assuming that the shift of contact point with respect to the wheelset lateral displacement is continuous outside of the jumping areas and the displacement of wheelset is negligible when the contact point on the left wheel is shifting from C LT to C LF . For both the single-point and the two-point contact sceneries, the initial relative velocity of the flange contact point C LF can be determined indirectly from the kinematic relations of the contact points C LT and C R .
The velocity vector of the center of mass of the wheelset is expressed in inertial coordinate frame as
The angular velocity 
For the assumption of continuous shift of the contact point with respect to the wheelset lateral displacement before the contact points come to the jumping area, the velocities of the contact points C LT and C R are governed by the kinematics constraints that the normal relative velocities are zero, namely
Substituting the contact points coordinate from the geometrical contact table and Eqs. (4), (5) and (6) into (7) 
where β is the tangential angle of the wheel transverse profile, the sign rule is the same to that of α. If the rolling radius r is known, wheel profile tangent angle, β, and the distance between origin B and wheel rolling center O L , b, are easy to be determined according to the wheel profile function. The super/lag angle θ and the contact angle α are determined accordingly. The subscripts LT and R indicate the contact points C LT and C R respectively. where coefficients k 1 and k 2 are referred to the appendix. Although the super/lag angle is usually small, its influence on the tangential relative velocity of the contact point along t 2 -axis is too apparent to be neglected. The case in Table  1 demonstrates that the contact point C LF has a lag angle θ when the wheelset yaws a negative angle, and a super angle when the wheelset has a positive yaw angle. It is also seen that the influence of yaw angle on the relative velocity along t 2 -axis is most noticeable which varies from 13.54m/s to -10.59m/s. 
Model simplification
Assuming that the left wheel flange collides with the rigid rail at point C LF with a lateral velocity v y I as seen in Fig. 4 , thus the impact between wheel and rail can be simplified as an impact problem of rigid-body colliding with an inclined barrier.
Fig. 4 Wheel Rail Impact Model
Since the impact duration is very short, several assumptions are made here: (1) configuration of the wheelset doesn't change during the collision; (2) external forces except for the impacting force are neglected; (3) the contact point of the non-flanging wheel and the rail remains at C R during impact duration and the wheelset will rotate about right wheel contact point C R after collision.
For the main attention is paid to the lateral and vertical motion of the impacting wheel, only the impact equations of lateral translation, in addition with the equations of the spin, roll and yaw rotations are listed. Assuming that during the collision, the left wheel is vertically pressed by large wheel load and is not lifted off the rail. For convenience, the reference frame (C R xyz) with its origin at the point C R is chosen to formulate the impact equations. The axes of (C R xyz) are parallel with the axes of (O B xyz). Consequently, rearranging the velocity of the flanging contact point C LF yields where m is unsprung mass of the wheelset, I Rxx , I Rzz the mass moments of inertia about C R x-axis and C R z-axis respectively, I yy is the mass moment of inertia about its spin axis, ∆v y is the increment of the lateral velocity of the center of mass of wheelset, while 
Computing velocities based on collision impulses
Sliding integration
According to the preceding assumptions, the impact process has no influence on the longitudinal velocity of the right side contact point C R . From Eqs. (10) and (11), the increment of the contact point relative velocity vector with respect to the impulse vector is expressed as
where D is a constant, nonsingular, symmetric, and positive definite matrix. For the components of D, refer to the appendix. The tangential components of the impulse can be expressed as p is along the C LF n-axis in reference frame (C LF t 1 t 2 n). If the tangential process is isotropic, and the mechanism of tangential force generation is that of dry friction. According to the Amontons-Coulomb law of sliding friction, the tangential impulse generated by relative sliding of wheel to rail is governed by the relations ( )
n n C n dp dp dp dp dp
where µ is coefficient of friction, η is the angle formed by the direction of sliding with t 1 -axis and has the following relation,
Stable sticking condition
During collision, the tangential frictional force is opposite to the sliding direction. If the direction of sliding velocity disappears, the tangential slipping halts when the resultant tangential incremental impulse is unable to overcome frictional impulse, namely, ∆p t ≤µ∆p n . For a given impact problem, the collision matrix D is unique, the necessary and sufficient condition for stable sticking is ( ) ( ) ( ) 
Integration strategy
Since the sliding direction is not unique and is probable to change during the collision process, the final velocity can't be solved analytically. Therefore, Eq. (12) must be integrated step by step to get the final velocity; the normal relative velocity C n v is chosen as the integration parameter since the duration of impact is infinitesimal [6] .
The integration equation (12) can be rearranged as follows by taking into account the conditions of sliding and stable sticking, 
where, W n is the work done by the normal impact force, and vectors 
Normal assumption and final velocities
The solution of Eq. (16) needs an additional parameter to terminate the collision process. Newton's coefficient of restitution, e, is introduced here to character the normal impulse. e is usually viewed as a material-determined constant and can be determined experimentally. It is reported that the coefficient of restitution is approximately 0.3~0.5 by JNR [1] .
By virtue of Newton' coefficient of restitution e, the impact is terminated when
As a result, the final velocity of the flange contact point, after transforming to reference frame (C R xyz), is
where T CI is the inverse matrix of T IC .
Wheel Derailment Assessment
From the above analysis, the lateral and vertical instantaneous velocities of the flanging wheel after the collision are solved as long as the initial contact velocities and contact points are known. If the vertical instantaneous velocity is large enough to overcome the wheel load, the wheelset will rotate about the contact point C R , and the large impulse will lift the flanging wheel off the rail to a height h. Wheel lift derailment happens when the wheel lift is higher than the effective flange height h f as illustrated in Fig. 5 . It is clear that the wheel lift is related to many factors including the initial velocity of the wheelset, contact angle α, coefficient of restitution e, coefficient of friction µ, sliding angle η, wheel load P and, 2 
Rxx
I
G , the ratio of wheelset roll mass moment of inertia about C R x-axis to the square of the distance between the left and right contact points. When the wheel lift h is higher than the effective flange height h f (see Fig. 5 ), the impacting wheel has the probability to jump over the rail due to the lateral force acting on the wheelset. Therefore, the derailment for wheel lift takes place when h ≥ h f .
Numerical simulation
Since the wheelset has six degrees of freedom in space, therefore, it needs four known velocities together with two constraints to determine the initial velocity of the contact point C LF .
The mass property of the wheeset and the velocities of the mass center for simulation are given in Table 2 . The profiles of the wheel and the rail are essential to determine the collision matrix D, and therefore influence the final velocities of the impacting wheel. Some basic contact parameters are listed in Table 3 . Table 3 Geometrical contact parameters (ψ=0) For consideration of the traction/brake condition, the ratio of initial spin velocity to nominal spin velocity is defined as o s θ θ = . As a result, s>1 corresponds to traction case, while s<1 to the braking case. The influences of angle of attack ψ and s on the wheelset spin velocity and on the instantaneous vertical velocity of wheel centroid during the collision are shown in Fig. 6 and Fig. 7 respectively. The red markers indicate that the stable sticking occurs during the collision. It is seen that the spin velocity decreases in traction condition, and increases in braking condition. The increment/decrement for small ψ is slightly greater than that for large ψ. Due to the change of spin velocity and of tangential impulse, the variation of vertical velocity of flanging wheel center with respect to ψ and s is complicated as shown in Fig. 7 . Generally, V OL for positive ψ is larger than that for negative one, and the maximum V OL occurs at small positive ψ (about 0.5°), V OL decreases when the absolute ψ is increasing. insignificant influence on the instantaneous vertical velocity of the wheel center after the collision, the running speed determines the lateral velocity of the wheelset indirectly since the lateral velocity is usually a result of vehicle hunting when it runs at a speed higher than its critical speed. The influences of µ and e on the jumping height of flanging wheel, h, are illustrated in Fig. 9(a) . It is shown that the smaller the coefficient of friction, the higher the flanging wheel is lifted. Thus, the wheelset is more prone to jumping derailment when coefficient of friction is lower. Similarly shown in Fig. 9(a) , h drops down as the increase of e when µ > 0.38, while h grows up as the increase of e when µ < 0.38.
It is evident that the wheel lift height is inversely proportional to the wheel load and is proportional to the square of the instantaneous vertical velocity of the flanging wheel center from Eq. (19). Since the instantaneous vertical velocity of the flanging wheel center has a nearly proportional relation with the lateral velocity of the wheelset, the height of wheel lift is proportional to the square of the lateral velocity of the wheelset centroid accordingly. The influences are also shown in Fig. 9(b) . 
Conclusions
An impact model for the impact between the wheel flange and the rail is presented with the main focus being on assessing the wheel lift derailment. Main conclusions are drawn as follows:
(1) The distribution of contact points on the wheel profile is usually discontinuous, and the normal relative velocity of the contact point is directly related to this discontinuity.
(2) The spin velocity decreases in traction condition, and increases in braking condition during the collision. The increment/decrement for small yaw angle is slightly greater than that for large ψ.
(3) The instantaneous vertical velocity, V OL , of the flanging wheel center for positive ψ is larger than that for negative one, and the maximum V OL occurs at small positive ψ (about 0.5°), V OL decreases as the increase of |ψ|.
(4) The smaller the coefficient of friction, the larger the instantaneous vertical velocity V OL of wheel center after collision. For µ > 0.38, V OL drops down as the increase of e, while
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(5) It is more prone to jumping derailment when coefficient of friction is low and running speed is high.
(6) The height of wheel lift is inversely proportional to the wheel load and is approximately proportional to the square of the lateral velocity of the wheelset centroid before the collision.
Coefficients k 1 and k 2 in Eq. (9) are ( ) 
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